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 Abtract: An efficient numerical framework based on the virtual element method is proposed to study the heat 
conduction in polycrystalline materials. Voronoi tessellation is used to generate a representative micro-structure, with 
grain boundaries explicitly modelled in two dimensions. The proposed framework treats each grain/grain boundary as 
one finite element and this feature drastically reduces the computational time. The numerical results from the proposed 
framework are compared with traditional finite element, where each grain/grain boundary is discretized with simplex 
elements. The numerical assessment demonstrates the effectiveness and robustness of the framework and yield 
accurate results at a fraction of computational effort without compromising accuracy. From the numerical study, it is 
observed that the proposed framework requires at least an order of magnitude fewer dofs when compared to the FEM. 
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1. INTRODUCTION 

 Grains and grain boundaries of a polycrystalline 
material govern its macroscopic responses [1]. For 
instance, the mechanical response of an alloy in many 
ways depends on the size of grains [2] and the 
properties of its grain boundaries [3]. Other examples 
include the role of grain sizes and grain boundaries in 
affecting the electrical [4] or thermal conductivity of 
polycrystalline materials [5]. Clearly, establishing a 
relation between the nature of grains and the grain 
boundaries of a polycrystalline sample and its 
properties is extremely important. 

Traditionally, the finite element method (FEM) has 
been used to estimate the temperature distribution and 
effective thermal conductivity of a polycrystalline 
sample. The FEM requires spatial dicretization of a 
computational domain with non-overlapping elements. 
Typically, the FEM is restricted to simplex elements, 
thus, polycrystalline samples have to be further 
discretized to compute the temperature distribution and 
other quantities of interest. The domain of interest 
when estimating the effective properties is a 
microstructure that consists of grains and grain 
boundaries. To employ the FEM, the region is 
discretized with simplex elements, this inherently 
restricts the number of grains and the size of the 
microstructure to be analyzed. Similarly, in [6, 7], the 
boundary element method (BEM) is used to study the 
polycrystalline materials. The morphology is  
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represented through Voronoi tessellations, but to apply 
BEM, a quality triangular/quadrangular boundary 
elements are generated on each individual grains (or 
Voronoi cell ). 

To alleviate the meshing restrictions imposed by 
traditional FEM, research has focussed on developing 
numerical framework that accommodates elements 
with arbitrary shapes and sizes. Some of the popular 
approaches include, the polygonal finite element 
method [8], the scaled boundary finite element method 
and the virtual element method [9-12]. All 
aforementioned approaches are seen as a 
generalization of the FEM. Amongst these, the VEM, 
unlike FEM, does not require an explicit form for the 
basis functions to compute the bilinear and linear form 
within the Galerkin framework, which makes this 
framework computationally less intensive and distortion 
insensitive. The accuracy and the stability of the 
method is ensured by assuming polynomials and 
additional functions over each element [10-13]. The 
flexibility and the robustness that the VEM offers, has 
attracted researchers to apply it to a wide variety of 
problems in engineering and science, see for example, 
[14-22] and references therein. In [23], the performance 
of VEM is studied for 2D elastostatics problem over the 
homogenized polycrystalline materials and 
unidirectional fibre-reinforced composites. 

The main objective of this work is to use the virtual 
element method (VEM) and treat each grain and grain 
boundary as a single element, consequently reducing 
the number of degrees of freedom and hence the 
computational cost. Consequently, the domain of 
interest in this work is a microstructure, with explicit 
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grain boundary regions so that properties can be 
specified to it. There are several codes/softwares which 
can generate microstructures with various levels of 
sophistication and options. In particular MicroStructPy 
[24], a easy-to-use python based code has been used 
recently to understand multiparticle interactions in 
composite electrodes [25] and the role of finite sized 
specimens [26]. Another, commonly used code is 
Neper [27, 28] produces statistically representative 
microstructures and has been used extensively. 
Neper2CAE and PyCiGen [29] are two other codes 
which can generate cohesive elements in between 
grains for the commercial finite element code, 
ABAQUS. 

In all of aforementioned codes, the grains can be 
modelled with significant level of detail, but they do not 
allow explicitly modelling the grain boundary or control 
some of its properties. It would also be convenient to 
read the generated microstructure geometry by open 
source software GMSH [30]. The geometry can then be 
discretized with appropriate elements for finite element 
analysis. It is also necessary that relevant entities of 
the geometry be tagged so that material properties and 
boundary conditions can be applied. In this work a 
small package is built on top of MicroStructPy to 
generate microstructures, with explicit grain boundary 
domains, the details of which are presented in Section 
4. 

We propose to employ the virtual element method 
(VEM) framework for spatial discretization of the 
microstructure where each grain/grain boundary region 
is represented as one single element. The objectives of 
the present work is are as follows:  

• Compute the effective thermal conductivity of 
polycrystalline materials with explicit modeling of 
grain boundaries in two dimensions.  

• To improve the accuracy of the solution, higher 
order VEM is explored.  

• Extend the framework to three dimensions and 
study heat conduction in a typical polycrystalline 
material.  

 The rest of the paper is organized as follows: 
Section 2 presents the governing differential equation 
for heat diffusion in polycrystalline materials. An 
overview of the virtual element method and its 
application to the heat diffusion equation is presented 
in Section 3. The generation of polycrystalline 
microstructure with explicit representation of the grain 

boundaries and triple junctions is presented in Section 
4. The effective thermal conductivity, steady state and 
transient heat response in 2 and 3 dimensions of a 
representative polycrystalline material is numerically 
computed using the proposed framework in Section 5, 
followed by conclusions in the last section. 

2. THEORETICAL FORMULATION 

Consider a evolution problem on a homogeneous 
anisotropic body occupying an open domain 

 ! " !d , d = 2,3  with a closure ! . The external 
boundary is defined by ! =" /"  accommodates the 
following decompositions: ! = !1"! 2  and !1"! 2 =# , 
where Dirichlet and Neumann boundary conditions are 
applied on !1  and ! 2  , respectively. The following 
parabolic problem is considered: find 
! ! C(0,T ,C 2 (" )),  such that:  

 !"# $"%(x,t)( )+Q(x,t) = &Cp
!% , in ' ( (0,T ],      (1) 
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dimensions, is the scalar Laplacian operator,  !!  
denotes the time derivative of the temperature field and 
Q(x,t)  is the heat source. EQ5 is supplemented with 
the following boundary conditions:  

!(x,t) =!(x),  on "1 #[0,T ]       (2a) 

q(x,t) = q(x),      on ! 2 "[0,T ]       (2b) 

where q(x,t) = !"# ! (x,t)  is the heat flux, !  and q  
are the applied temperature and heat flux on the 
boundary. In this work, a representative microstructure 
including explicit modeling of the grain boundary is 
done by using Voronoi tessellation. Then, each 
grain/grain boundary is treated as ‘ one’ element for 
further analysis within the framework of the virtual 
element method, discussed next. 

3. OVERVIEW OF THE VIRTUAL ELEMENT 
METHOD 

We begin by providing the assumptions and 
properties of the polygonal meshes. Then, we 
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introduce the VEM spaces followed by a computable 
VEM formulation.  

3.1. Meshes 

Let {Th}h>0  be a family of polygonal decompositions 
of the domain ! . We represent the elements by E  
and denote the maximum diameter over the polygons 
by h . Each element E ! Th  satisfies the following 
assumptions (see [9]),  

• E  is star-shaped with respect to a disc D!  of 
radius !hE , where hE  is the element diameter,  

• for edge e! E , the length | e |! chE ,  

• boundary of E  is made up of a finite number of 
edges, where !  and c  are positive constants 
independent of h  and E .  

Let Pk (E)  denote the space of polynomials of 
degree less than or equal to k  on E  . 

3.2. VEM Spaces 

We also recall the definition of projection operators 
(see [11]) ! k

"  and ! k
0 . The projection operator 

! k
" :H 1(E)# Pk (E)  is such that,  

!(w"# k
!w),!$k( )E =

0 %$k & $k (E) and
'E( (# k

!w"w)ds = 0,
        (3) 

and the operator ! k
0  is the L2  projection onto Pk (E)  

satisfying,  

w!" k
0w,#k( )E = 0 $#k % Pk (E).          (4) 

In a similar way, the polynomial 
! k"1

0 (#w)$ (Pk"1(E))2  is computed accomplishing,  

!w"# k"1
0 !w,$k"1( )E = 0 %$k"1 & (Pk"1(E))2.  (5) 

Consider the auxiliary space VE ,k  (see [31]) for each 
E ! Th  by,  

VE ,k =
v ! H 1(E)"C 0 (#E) :
v|e ! Pk (e)$edgee!#E,%v ! Pk (E)
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Now, we define the local virtual element space VE
k  

as follows,  

VE
k =

v !VE ,k : v"# k
$v,%( )E =

0 &% ! Pk (E) / Pk"2 (E)( )
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)
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+
,
)
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where Pk (E) / Pk!2 (E)( )  is the subset of Pk (E)  containing 
polynomials of degree exactly equal to k !1  and k  
(see [11]). On the space VE

k , we consider the following 
set of degrees of freedom ( dof ): 

(G1 ) the values of v  at the n(E)  vertices of polygon 
E , 

(G2 ) the values of v  at k !1  internal Gauss-Lobatto 
quadrature nodes of every edge e!"E , 

(G3 ) the moments up to order k ! 2  of v  in E , i.e.,  

E! v"k#2dx $"k#2 % Pk#2 (E).  

We note that the dof  mentioned above determines 
v  uniquely on the polygon E , (see [31]). Now, the 
global virtual element space Vh

k  is,  

Vh
k = {v ! H 0

1(" ):v|E !VE
k #E ! Th}.         (8) 

3.3 Fully Discrete Virtual Element Formulation 

Consider a partition of (0,T )  into N  disjoint 
intervals of width !t(=T / N )  and denote 

tn = n!t,n = 0,1,...,N .  Let us denote by ! n
h , the function 

! h  associated to time tn , i.e. ! h
n:= ! h (tn )!Vh

k . We 
use backward Euler method to discretize the time 
derivative term in the model equation, and virtual 
element method for spatial discretization. The explicit 
definition for the basis of virtual element space Vh

k  is 
not known. Hence we use the polynomial projection 
operators ! k

"  and ! k
0  in defining the linear and 

bilinear forms of the discrete operator. A computable 
discrete scheme is formulated as: For n =1,2,...,N ,  
!vh "Vh

k , find ! h
n!Vh

k  such that  

E!Th

" { #$% k
$&h

n ,$% k
$vh( )E +

# S1
E ((I '% k

$ )&h
n ,(I '% k

$ )vh )+ Q,% k
0vh( )E}=

 

E!Th

" {(#Cp
$ k

0%h
n+1 &$ k

0%h
n

't
,$ k

0vh )E +

#Cp S2
E ((I &$ k

0 )%h
n+1 &%h

n

't
,(I &$ k

0 )vh )}.

        (9) 

In (10), the term Si
E , i=1,2, are symmetric bilinear 

forms defined on VE
k !VE

k  which ensures that there 
exists non-zero positive constants µ! , µ! , with µ! " µ

! , 
independent of hE , such that w.l.o.g ,  
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µ!("uh ,"uh )E#S1
E (uh ,uh )#µ!("uh ,"uh )E

$uh % ker(& k
" ).

 

µ!(uh ,uh )E"S2
E (uh ,uh )"µ!(uh ,uh )E

#uh $ ker(% k
0 ).

       (10) 

In the numerical implementation, a computable  
choice for S1

E (!,!)  and S2
E (!,!) , defined only using the 

degrees of freedom are given as,  

S1
E (uh ,vh ) =

i=1

ndof

!dofi (uh )dofi (vh ) and

S2
E (uh ,vh ) =| E |

i=1

ndof

!dofi (uh )dofi (vh ).
      (11) 

where ndof is the total number of degrees of freedom. 
The terms S1

E (!,!)  and S2
E (!,!)  are referred to as the 

stabilization terms in the VEM literature and the 
remaining two terms are known as the consistency 
terms. The polynomial part of the solution is captured 
by the consistency term and the stabilization terms 
captures the non-polynomial part. Interested readers 
can refer to [9] and references therein. 

4. GENERATION OF POLYGONAL 
MICROSTRUCTURE 

The proposed workflow generates an explicit 
representation of grain boundaries with prescribed 
width starting from a polycrystalline tessellation. With 
this workflow, an explicit grain/grain boundary 
representation is achieved. Given the target number of 
grains and the desired grain boundary width as inputs, 
an initial grain structure is generated using the 

microstruct Python package. Grain edges that are fully 
contained within the domain are duplicated to enable 
independent manipulation of adjacent grains, and the 
element connectivity is updated accordingly. For grains 
entirely inside the domain, boundary edges are 
displaced radially inward toward the grain centroid by 
half of the specified grain boundary width, thereby 
creating a uniform intergranular gap. For grains 
intersecting the domain boundary, vertices located on 
the external boundary are constrained to move along 
the corresponding grain edges to preserve the domain 
geometry. The resulting gaps between neighboring 
grains are explicitly meshed: quadrilateral (four-noded) 
elements are used along grain edges, while triangular 
(three-noded) elements are introduced at triple 
junctions. Geometric operations such as edge 
offsetting, vertex displacement, and polygon 
manipulation are performed using the shapely library, 
enabling robust handling of grain movement and the 
construction of new grain boundary regions. Algorithm 
2 presents the algorithm to generate polycrystalline 
domain with explicit representation of grain boundaries.  

Algorithm 1 Explicit grain boundary construction with 
prescribed grain boundary width 

Require: Number of grains Ng , grain boundary width 
wgb   

Ensure: Polycrystalline mesh with explicit grain 
boundary regions 

1: Generate initial polycrystalline tessellation with Ng  
grains using microstruct  

 

Figure 1: Vertices which are within the domain are pulled towards the centroid of the grain by ! = gbw
2

 as in grain G1, while 

those vertices which are at the domain boundary are moved along the boundary as in shown for the two vertices of grain G2. 
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2: Identify all grain edges and classify them as internal 
or boundary edges 

3: for all internal grain edges do 

4:  Duplicate the edge 

5: Update element connectivity so that adjacent grains 
own separate edges  

6: end for 

7: for all grains completely inside the domain do 

8: Compute grain centroid c   

9: for all vertices v  on the grain boundary do 

10: Compute radial direction d = v ! c  

11: Normalize d   

12: Move vertex: v! v "
wgb

2
d   

13: end for 

14: end for 

15: for all grains intersecting the domain boundary do 

16: for all boundary vertices do 

17: Constrain vertex motion along the corresponding 
grain edge  

18: end for 

19: end for  

20: Identify gaps formed between displaced 
neighboring grains 

21: for all gaps along grain edges do 

22: Mesh gap using four-noded (quadrilateral) 
elements  

23: end for 

24: for all gaps at triple junctions do 

25: Mesh gap using three-noded (triangular) elements  

26: end for 

27: Perform all geometric operations using shapely 

28: Assemble grain interiors and grain boundary 
elements into final mesh 

5. NUMERICAL EXAMPLES 

In this section, the VEM framework is employed to 
study:  

• Effective thermal conductivity in two dimensional 
polycrystalline sample with explicit modelling of 
grain boundaries.  

• Transient heat conduction in two dimensional 
polycryalline sample.  

• Extend the framework to study heat conduction 
in three dimensional polycrystalline sample.  

Each grain and grain boundary (in 2d) of the 
polycrystalline material is treated as one ‘single’ 
element, unlike the traditional FEM, where the grain 
and the grain boundary needs to be further discretized. 
The representative micro-structure with explicit 
modeling of grain boundaries is done using the 
procedure discussed in pmicrogen in case of two 
dimensions. For generating three dimensional 
polycrystalline sample, we use the open-source 
software Neper [32]. The VEM framework allows easy 
extension to higher order elements and hence, the 
order of the polynomial on each element is varied to 
study the influence on the effective thermal 
conductivity. The numerical solution of EQ5 for a 
prescribed boundary condition gives the temperature 
distribution within the computational domain. The 
effective thermal conductivity along the x !  and the 
y!  direction can be estimated as [33]:  

 
! x
e = qx

"T
! |0#!#Lx , ! y

e =
qy
"T
! |0#!#Ly ,       (12) 

where the qx  is the flux from the left to the right side of 
the domain and !T  is the difference in the 
temperature across the length, Lx  and Ly  in x !  and 
y! directions, respectively. We note that 
q(x,t) = !"#$(x,t) . The heat fluxes qx  and qy  are the 
first and second components, respectively, of the 
vector q(x,t). Additionally, we remark that, since the 
basis functions are not known explicitly, the term !"  is 
approximated with the help of polynomial projection 
operator as !" k

!# .  

For the numerical study, we consider a 
representative domain of length Lx = Ly =  200 mm 
containing 21 grains, see Figure 2b. The grain and the 
grain boundary is assumed to be homogeneous and 
isotropic (! x =! y ) and ! xy =  0. Further, the thermal 
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conductivity is assumed to be ! g =  10 W/mK for the 
grain and ! gb =  0.1 W/mK for the grain boundary. For 

estimating the effective thermal conductivity ! x
e  along 

the x ! direction, following boundary conditions are 
used:  

!(0, y) =100K , !(Lx , y) = 20K ,
q "n |(x,0) = 0, q "n |(x,Ly ) = 0.       (13) 

Similarly, the following conditions  

!(x,0) =100K , !(x,Ly ) = 20K ,

q "n |(0,y) = 0, q "n |(Lx ,y) = 0,
      (14) 

are used to compute the effective thermal conductivity, 
! y
e  in the y! direction. In case of the FEM, each 

grain/grain boundary is divided into triangles, whilst 
they are treated as ‘one’ element within the virtual 
element framework. Figures 2c and 2d show a 
schematic of finite element and virtual element 

discretization, respectively. The ‘white’ region 
represents the grain boundary and the ‘yellow’ region 
represents the grain. To study the convergence 
properties, h!  refinement is adopted in case of the 
FEM, whilst k ! refinement is done in case of the VEM. 
The objective for adopting a k ! refinement is two folds: 
(a) to retain the feature of treating each grain/grain 
boundary as one element and (b) to demonstrate the 
flexibility, the VEM offers to improve the accuracy. 
Table 1 shows the effective thermal conductivity ! e  for 
both the cases.  

From Table 1, it is seen that, !  3300 dofs is 
required to yield an accurate ! e  in case of the FEM, 
whilst only 417 is required in case of VEM with k =  2, 
to yield a similar accuracy. The proposed framework 
requires at least an order of magnitude fewer dofs 
when compared to the FEM. Similar, results are 
obtained for the effective thermal conductivity in the 
y! direction, see Table 1. 

Next, to show the robustness of the proposed 
framework and highlight the computational savings 
possible a transient heat conduction is solved for the 

 
Figure 2: Representative volume element: (a) geometry, (b) a polycrystalline realization, (c) schematic FE mesh and (d) virtual 
element discretization. Note that the grain and grain boundary are represented by ‘yellow’ and ‘white’ patch, respectively. The 
‘red’ dots represent the nodes.  
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same geometry as before. The initial and boundary 
conditions are taken as: T (x, y,0) = 0,  ! (0, y,t) =100 . 
On the top and bottom surfaces, zero Neumann 
conditions are enforced. In case of the FEM, the mesh 
with 3384 dofs is used while VEM uses k =  2 (417 
dofs). For the numerical study, ! ! =  0.001 is used for 
both the FEM and the VEM, the simulation is 
conducted until ! =1 . Two cases are studied: (a) both 
grain and grain boundary have same thermal 
conductivity, i.e., ! g =! gb =  10 W/mK and (b) thermal 
conductivity of grain is greater than the grain boundary, 
i.e., ! g =  10 W/mK and ! gb =  0.1 W/mK. For numerical 
calculations, !Cp  is taken as 1. Figure 3a shows the 
temperature distribution along A!C  (c.f. Figure 2a) at 
different time instances for both the cases. The 
discontinuity seen is attributed to the different thermal 
conductivity of the grain and the grain boundary. The 
temperature evolution at point B  (c.f. Figure 2a) is 
shown in Figure 3b. It is seen that in case of different 

conductivity of the grain and the grain boundary, the 
heat conduction is slower as expected. From Figure 3, 
it is inferred that the results from the present framework 
matches closely with that of the finite element solution. 

Next, we consider a cube ! = [0,1]3  with 12 grains, 
see Figure 4. The temperature on the bottom face, ie., 
z =  0 plane is set at !  =  0 K and the top face ie., z =  
1 is subjected to a constant temperature, !  =  100 K. 
On all other faces, the flux is assumed to be zero, i.e., 
q !n =  0. In case of the VEM, similar to the 2d case, 
each grain is treated as one polyhedral element, whilst, 
the grain is divided into tetrahedral elements in case of 
the standard FEM, with a mesh size of 1mm is 
maintained. Figure 5 shows the temperate along the 
vectors: (a) P(0,0,0)!Q(1,1,1)  and (b) 
R(1 / 2,1 / 2,0)! S(1 / 2,1 / 2,1) . The results from the 
present framework is compared with the traditional 
FEM and it is inferred that the results are in close 
agreement. Note that for demonstration, only lower 

Table 1: Effective Thermal Conductivity for a Sample with 21 Grains. Note that in Case of VEM, p!  Refinement is 
Adopted, while Treating the Grain/Grain Boundary as One Element. 

   h    dofs   ! x
e    ! y

e   

 27.36   339   1.3185   1.3521  

 15.33   871   1.3158   1.3554  

 0.076   3384   1.3059   1.3415  

3*FEM  

 0.0398   12026   1.2966   1.3349  

  k    dofs   ! x
e    ! y

e   

 1   112   1.2964   1.2813  

 2   417   1.2888   1.2788 

3*VEM  

 3   819   1.2973   1.3302  

 

 
Figure 3: Transient heat conduction: (a) temperature distribution along A!C  and (b) temperature evolution at point B (c.f. 
Figure 2a) 
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order VEM is employed and explicit modelling of the 
grain boundaries is ignored.  

6. CONCLUSIONS 

A numerical framework based on the virtual element 
method is proposed to compute the effective thermal 

conductivity and the temperature distribution in a 
polycrystalline materials. The salient feature of the 
proposed framework is that unlike the traditional finite 
element method, the grains/grain boundaries need not 
be spatially discretized with simplex elements. From 
the numerical study, it can be inferred that the 

 
Figure 4: Representative volume element in 3d: (a) geometry, (b) schematic polycrystalline realization and (c) temperature 
distribution. 

 
Figure 5: Temperature along the vectors: (a) P(0,0,0)!Q(1,1,1)  and (b) R(1 / 2,1 / 2,0)! S(1 / 2,1 / 2,1) , comparison with 
traditional FEM. 
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proposed framework reduces the computational efforts, 
yields comparable results without compromising on the 
accuracy. Further, the applicability of the framework for 
3D polycrystalline materials is demonstrated. In 
particular, it requires at least an order of magnitude 
fewer dofs when compared to the traditional FEM with 
simplex elements for both 2d and 3d domains. We 
believe the proposed framework will be very useful 
when assessing the influence of randonmness in the 
grain orientation, thermal conductivity and grain size on 
the global response. The proposed methodology can 
be employed within the framework for FE2, which will 
be a topic of future communication. One potential 
limitation of the proposed approach arises when each 
grain is modeled as a single element, particularly in the 
context of transient diffusion analyses in highly 
anisotropic polycrysalline samples. In such cases, if the 
characteristic grain size is larger than the relevant 
thermal diffusion length scale, the underlying physics 
associated with intra-grain temperature gradients may 
not be adequately captured. Therefore, care must be 
exercised in transient simulations to ensure that the 
chosen discretization is consistent with the governing 
physical length and time scales. This can be done 
either by increasing the polynomial order or by 
subdividing the grain to minimum number so as to 
capture the necessary physics. 
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